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I. THE QUANTUM FISHER INFORMATION MATRIX

In this section, we derive the closed-form expression for the quantum Fisher information matrix of Hamiltonian
parameters for thermal states.
For full-rank states, the quantum Fisher information matrix has elements [1]

Re [(j]| O1p |E) (k| Omp |7
ﬂm1=22 e[(j]Oip |k) (k| P\Jﬂ_ (A1)
3 pj + Pk
J
We have defined 0; := aim. The matrix characterizes the precision with which multiple parameters p; can be estimated.
Let N denote the number of measurements performed. The multiparameter Cramér-Rao bound says that [1]
- 1
cov(fg) > —F L. A2
V(i) = - (42)

This bound is asymptotically saturable if and only if
Tr (p[Li, Lyn]) = 0. (A3)
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The symmetric logarithmic derivative is defined by ;p = £{L;, p}.

Throughout this appendix, we omit the temperature dependence from the partition-function notation: Z = Zz.

Since p = e PH /7 = > e~ P |5)(j| /Z, the derivative in Eq. (A1) is

2z

1 -
Op = — e P —
W=z Pz

= % [816_5}[ —pTr (8;6_511)] .

We must calculate the matrix elements of 9;e=#. Using the Taylor series

n=0
we obtain
Gl 1 = 32 S Gl
o] n n—1
n=1 m=0
o] n n—1
DI S L

We have defined

L= Z (_j) Z w;-"wzfmfl

n=1 : m=0

as a function of the temperature and of the Hamiltonian’s spectrum.
We can re-express I'j;, using the formula for an infinite geometric series: if w; # wy, then

0 _ mn wn — wn *ﬁwj _ o Bwk R
I‘jkzz( 6') J _ ¢ ¢ :Z(p] pk), for  w; # we.
el n: Wi — Wk Wi — Wk Wi — Wk
If wj = wg, then
00 n—1 0o
(_B)n n—1 (_B)H n—1
Lje = Z ol “i = Z ol
n=1 m=0 n=1

— (_ )n—l n—1 —Bw
=B e =
n=1
= —fB2p;, for w; =ws.

Using Egs. (A9) and (A6) we can evaluate the first term in Eq. (A4):

Tr (e PH
o) ST, = -5y Z ALy e = —B(A).

J

We denote thermal averages by (A4;) := Tr (4;p).
Substituting from Eq. (A10) into Eq. (A4) yields

1
Op = Zale*ﬁ’f + B(A)p.

(A4)

(A5)

(A10)

(A11)



Furthermore, substituting into Eq. (A6) from Eqgs. (A8) and (A9) yields

Glae Ky = Gl Ay 2B s, (A12)
Wj — Wk
and
(| owe P2 k) = (j| A |k)Tj; = — (j| A1 |k) BZp;  for  wj = wg. (A13)

Let 6A; = A; — (4;) = A — Tr (p4;). If wj # wy, then

Glono 1) = 1) LD g oty = Gloaey B2 or e, (A1)

whereas, if w; = wy,

. . . . i +
(il Do k) = = (G Aulk) Bp; + BlADP;d5 = — (G 0ALK) Bp; = = | SA k) BEZEE . forwy =wee (AL5)
Thus, the quantum Fisher information matrix in Eq. (A1) becomes
22 Re [(j] Qip |k) (K| Omp |5)]
Pj + Pk
) l 2Dj + Pk 1
=2 0A%LOAL ————Re [0A’L0A}
w; p] erk WJ — wg)? [ i } wgkﬁ 2 [ 7 kj]
1 — pi/pj)? pj + Pk
=2p? S : Re [6A}, 6 A7) + 87 L —"Re [6A},0A7}] . A16
0 w,.;kp] (1 + pr/pj) In*(pr/p;) [Py + 5 ij:;k 2 Ao AE) o

In Appendix II, we use this expression to upper- and lower-bound Fj;.

II. BOUNDS ON THE QUANTUM FISHER INFORMATION

In this section, we upper- and lower-bound the diagonals of the quantum Fisher information matrix. That is, we
prove Egs. (6) and (7) from the main text. By Eq. (A16), the quantum Fisher information about a parameter p; is

_ 9p2 ) (1_pk/pj)2 2 pj+pk S A A
Fu =28 Z Pj (a +pk/pj)ln2(pk/pj)‘ jk| + B Z ’ k{ ( 17)

wjFWr wj=wg

Upper bound in terms of (AA4;)?

If « :== py/p;, the first term in the quantum Fisher information [Eq. (A17)] depends on % It will be

% < (1 4 x)eq, for some ¢; to be determined. Shifting the
(1 + ) from the inequality’s right-hand side to the left-hand side, we form a fraction

convenient to upper-bound this fraction as

1—x)? . ..
% that is maximized
at « = 1. Furthermore, pi/p; comes closest to 1 for energy eigenstates whose energies are as close as possible:
Tmax = e~ Bminir{wr—wi} = ¢=Bgmin  We have defined Jmin = minj’k{wj — wy } as the Hamiltonian’s minimum energy
gap. Combining these observations, we choose

(1 — Zmax)? (- 6’69"*‘")2 1 B tanhQ(ﬂgmin/2)
(1 + xmax)2 1I12 (xmax) (1 + e_Bgmin)Q BQlein 62912nin .

The limiting values of ¢q, as a function of temperature, are

# fOI‘ min > 1
¢1(gmin) = { 5292, By o

C1 (gmin) = (A18)

i for Bgmin < L



4

Applying this choice and the general bound above to Eq. (A17), we bound the quantum Fisher information about a
parameter p;:

1— 2
Fu=2 Z ﬁzpj ( pk/p]) ’5Ak{ +ﬁ2 Z pj+pk|6A |

wy A (1 + pr/pj) In” (pr/pj) wi—oon
< 2¢1(guin) B Y b <1+ )|5Ak| +62 ) pﬁp’waA ? (A20a)
wjFwg wj=wg
= 4¢1(gimin) B ; pi 0AL " + 4er (gmin) B2 D7 pi6AL | + 1 — der (gmin))B S py]0AL )7
Wi 7 Wk Wj=Wk Wj=Wk
=461(9min)ﬁ2Tr(p[5Az]2) [1—der(gmin)]B2 Y py[6AL |7
wj=wk
= 41 (gmin) B2 (AA)? + [1 — dey (gmin)] B2 (AAP)?. (A20D)

We have defined AA = /(A?) — (A)? as the standard deviation of an operator A in the thermal state. Also,
AP = ij:wk (4] A1 k) |k)(j] is the sum of the block-diagonal elements of the matrix that represents A; relative to

the energy eigenbasis. Since 0 < ¢1(gmin) < 1/4 in Eq. (A20Db), also,
Fu < B (AA). (A21)

We have proved Eq. (6a) in the main text. Bounds (A20b) and (A21) are saturated if A; is diagonal relative to the
energy eigenbasis.

Lower bound in terms of (AA4;)?

(1-z)?
(14x)? ln (x)
as & — 0o. Moreover, z has a minimum value of i, = e Pl where |H||s == max; w; —min; w;, and a maximum
value of Tyay = eI17lls. Since ¢ (—||H||s) = c1(||H]s),

A similar derivation implies a lower bound on Fj;. The function is minimized at x = 0 and in the limit

(1-a)?

m > (1 +z)er (1 Hls)- (A22)

Using Egs. (A22) and (A17) leads to

1— pe/p;)?
Fu=2 Z 52]%‘ ( pk/pj) |5Ak| _’_52 Z pj+pk|5A ‘

oo (L pe/pg) I (pe/p;) =
> 2¢1(||H|Js) Z 5227] <1_’_Pk>|§A | +52 Z pJ+Pk|5A |
wjFwk Wi =Wk
+ +
=4er(IHI)8? Y pi |04 +aer(1H 1987 D0 B oAl + 1 —den(|HI))87 Y B [oAl,
wjFwk Wi =Wy wj=wk

= 4er(IH )8 Tr (p (540)%) + [1 = dex (1 H],) BQZmaAk!
= der(|[H|1s)B% (AAL)*. (A23)
We have proved Eq. (6b) in the main text.
Upper bound in terms of (AA;)* — 1|/[\/p, Al]||3

We can obtain a distinct upper bound that depends on the Wigner-Yanase skew information. Beginning with
Eq. (A17), we split the sum over w; # wy, into w; < wy, and w; > wy terms. We can then collapse terms due to the



symmetry with respect to the interchange p; <+ py:

1— \2

wr oo (1 +pk/pj)ln2(pk/p et
— pr/p;s)? 2 — pr/p;)? 2 pj + Pk
=2 Bp; +2 5%p SALT+ 8 A
Z (1 +p /pn n?(pi/p;) Al Z (1 +p /pjnn ol il 2 ol
pk/p]) 2 1|2
=1 B2p; SAL "+ 8 pil6AL | (A24)
w;k 7 (1 +p /pj)ln (px/pj) | k| w;k ]| ]k|

Assume that the energies w; are in ascending order, such that zmin < @ = pi/p; < 1, for j < k. The first term in (A24)

contains a factor of the form %, which obeys the upper bound ((1_7@2 < co/x for 0 < z < 1, for some

1+z) In%(z)
2. The minimum value of z, at an inverse temperature (3, is Tyin = ming; ) Pr/p; = ming; xy e Plor—wj) — o=BlIH|l:
Therefore,

_ 2 :
o b gy, (L= eV asinh(B]|Hls/2) tanh (5| H [s/2)
SR T 14 e~ AlHl pIH|Z

The inequality holds because 2sinh(z/2)tanh(x/2)/2? > 0.42 (as one can check using, e.g., Mathematica). The
limiting values of ¢, as a function of temperature, are

1
o 7 2/l (82| H|2),  for  B|H[s> 1, (A26)
1/2,  for  B||H|, < 1.

Let us apply Eq. (A25), with the general bound above, to Eq. (A24):

1— pi/pj)?
Fu=4 Z 32D, 0 pu/p,) |§Ak| + 62 Z pj’(SAé'kF

> 0.42. (A25)

b=t (L pu/p) I (pe/p)) W=
<der 3 8 [PE0A S+ 8 T pifodlf
wj<wg wj=wk
=260 Y BVEROALL 42087 > mryRldALLT + 82 Y pyloal]
wj <wp wi>wg wj=wg
<266° S BiVESAL + 2682 S BV AL T + 0 42/32 S pyleAl]” (A27a)
wj <wg wj>wy Wi=wg
<2408 Y BV |0AL T + 24082 Y BiVR|0AL T + 240087 D ploaAl,|? (A27b)
= 2.4c, 5;; U(Ji/ﬁ(SAl\/ﬁ(SAl ). o o (A27c)

In Eqgs. (A27a) and (A27b), we invoked 1 < ¢5/0.42 < 2.4¢. Since Tr (/56 A1/56A1) = (AA)? — 3| [v/5, Al |12, we
have proved the second upper bound on Fy;, Eq. (7) in the main text.

Lower bound in terms of (AA;)* — 1||[/p, Alll3

obeys the upper bound /x/2.5 < B ) Applying this bound to Eq. (A17)

i (-
Our general expression ( At i@

old 1+m)1n2(w
yields

p
]:ll_ﬁ Z 52 k‘(SAk| + 5 Z p]’(SA ‘

Wi AWk Wj=wg
>08p% > \/@\ﬁ|5Aky +0.88% > p;loAl, I
wjFwk Wj=Wwg
= 0.8 3% Tr (/pd A1/pdA;) . (A28)

This result completes the proof of Eq. (7) in the main text.



IIT. NONCOMMUTATIVITY AND PARAMETER ESTIMATION

In this section, we discuss the role of noncommutativity in parameter estimation. In Eq. (10) of the main text,

we presented an upper and a lower bound on the optimal relative estimation error /varep(£:)/|w| with which a
parameter y; can be estimated from A copies of a thermal state. We reproduce the bound here for convenience:

1 Varopt (fi) < 1

VIR VR ( (A - 3|y Hz)m Iy (@~ 3tvem) Hi)l

(A29a)

Recall that H; is the Hamiltonian term that contains the parameter ;. Due to the ||[\/p, Hi]|2, noncommutativ-
ity between the state and H; negatively impacts one’s ability to estimate p;. Here, we elaborate on the role of
noncommutativity in estimating a parameter from Hamiltonian evolution (as opposed to from a thermal state).

In the Hamiltonian-evolution setting, we estimate y; by evolving a probe state under a Hamiltonian

HZHZ-FH/E/J,[A[-FHI (A30)

for some time t. A; is a Hermitian matrix (the generator of translations associated with u;). H’ contains all the
(possibly time-dependent) terms independent of y;. In our setting, H' = Zj 41 Hj. The time-evolved state o(t)
depends on ;. One can estimate y; from properly chosen measurements of copies of o(¢). The minimum achievable
variance is bounded in the single-parameter quantum Cramér-Rao bound, Eq. (5) in the main text.

The minimal variance can be achieved with a pure probe state o = [1){(x)|. We have defined ) = (|Amax) +
|Amin))/ V2, [Amax) and |Amin) denoting the eigenstates associated with the maximum and minimum A, eigenvalues,
Amax and Apin [2]. Suppose that |Amax) and [Amin) are H' eigenstates associated with unit eigenvalues:

H' | Amax) = Mmax) s and  H' [Amin) = [Amin) - (A31)

Evolution under H yields a final state [¢(t)) = (|[Amax) + ePmax=Amindit |\ V) /3/2. from which g1, can be extracted
with a variance ~ [t(Amax — Amin)] ™2, Which is optimal [3].

The conditions (A31), under which this optimal scheme works, can be replaced with the weaker condition [H', H;] =
[H,H;] = 0. From here, we see the connection to Eq. (A29a): for Gibbs states p, if [H, H;] = 0, then [\/p, H] = 0.
Consequently, we see a direct formal connection between the fact that noncommutativity of H; with H negatively
impacts the estimation of y; through Hamiltonian evolution and the fact that [\/p, H;] # 0 negatively impacts
Hamiltonian learning from Gibbs states.

IV. QUANTUM FISHER INFORMATION OF A TWO-LEVEL SYSTEM

In this section, we calculate the quantum Fisher information about a parameter in a single-qubit Hamiltonian.
Consider the Hamiltonian

H=Q.,0,+Q.0,+po, =17-7. (A32)

We have defined the vector ¢ = (Q,Q, + u) with the norm v = /Q2 + (2, + u)?, and & = (04,0,) is a vector of
Pauli matrices. We aim to estimate p, so A = o,. The thermal state is
e~ BvTd/v cosh(Bu)l — sinh(Bv)v - & /v

p= 7 - 7 ) (A33)

where Z = 2 cosh(fv). The Hamiltonian has a seminorm ||H||s = 2v.
We directly calculate the Wigner-Yanase skew information, using /p = e PHI2)\/7 A =0, and Eq. (A33):

h*( 2)
WA AR = ol sinh(3o/2)/ol5 7.0 )| = T Do (5
h 2) . inh“(Bv/2 . .
_ %H - mz%”g _ zmvgi;ﬂ Tr ([ = 10, [00,])
B sinh?(Bv/2) , B (cosh(ﬂv) —1) 5 cosh(fv) —1
=1 v2Z 2 = v2Z € = 22v2 cosh(fv)
— MQ? . (A34)

02



The thermal variance in o, is

2 . 2
(AA)? =T (p) — [Tr (po.)]2 = 1 — —UiZ sinh(8v) Tr (7 - 50,)| =1— %Z(f“)(gz oy
2
- %(QZ )2 (A35)
Subtracting Eq. (A34) from (A35) yields
2
(247 - Hvp s =1 - Py - 2= gz (A30)

We can approximate this expression at high and low temperatures. If the temperature is high (v < 1), then
sech(Bv) ~ 1 — (Bv)?/2, and tanh(Bv) ~ Bv. Therefore,

2 1 2 2 2 § 2 8 2 ﬁ2
(AA)? — 3 |[Vp: Al|l; = 1= B2(Q. + ) -5 =15 (Rt ) —fv (A37)

If the temperature is small, (v > 1), then sech(Bv) ~ 2=, and tanh(Bv) ~ 1. Therefore,

2e v ., 2e7FY
Q= Q.

v?2 z v2

(A38)

1
(8P =~ HVA. AN~ 1= (0 4 )? — 502+

Meanwhile, ¢, ~ 1/2 at high temperature (Bv < 1), whereas ¢y ~ ePI#1s/2 /(|| H||)? = €Y /(2Bv)? for Bv > 1.
By Eq. (A37), at high temperatures (|| H||s < 1) the bounds (7) in the main text become

2.4 2 2
F < 2403 2 Tr (VpOAVpOA) ~ =B (1 - S ) - B—v ) ~ 1.262, (A39a)
F>084° ~osg(1-2 )
> 0.8 52 T (VA AVPIA) ~ 0.8 5 (1= - (Q + ) = v ) ~ 0852, (A39b)
By Eq. (A38), at low temperature (S||H||s > 1) the bounds (7) become
2 2% 0, 03
F < 2.4cy 7 Tr (/pdA\/pdA) =~ 2. 4@ 2 Q) = 1.2F, (A40a)
2 2 (277 Bre=FrQ2
F > 0832 Tr (VpdApdA) ~ 0.8 3 TQ,I — L6 (A40b)
We want to compare these bounds with the values of the quantum Fisher information. Define the o, eigenstates
such that o, |1) = |1) and 0, |0) = —|0). H = 7.5 has the eigenvectors
1
+) = ((Qz+u+v)|1> +Qx|0>) and (A41)
1/2’1}(Qz —|—u+v)
1
-) = (= Q)+ (@4 p+0)0)), (A42)

QU(QZ + u+ v)

corresponding to eigenvalues +wv. By the expression (A17) for the quantum Fisher information, for a qubit,

F=2 Z P)” |5Ak| + 3 B |(iloAlk) |

pj +pk W _Wk

wj AW wj—wi
= % ((e(_ﬁvﬁ_:;ﬁij:; B ) |(+]6X |- + 328 v|<+|5X|+ )| +ﬁ2e |<—|§X\—>|2. (A43)
We evaluate this expression using
(+]5A|-) = M( — (4 i+ v) — (2 +u+v)) = f%, (Adda)
(H[A]+) = M (0t p+07 = 02) (02 =a— (o), and (A44D)
(~164]-) = M R R ) (Addo)



We have defined a := %((Qz +u+ )2 — Qi) = (Q#G) +p+ U) = @4 Next, we evaluate
QU(QZ+[L+U) U(Q +;L+v) v

Eq. (A43) using Eq. (A44), Z = 2 cosh(fv), and (0,) = M(Q + p) from Eq. (A35):

P (s ) &+ (7, + 95 ) @+ e+ (957 -85 ) (2ale)
_

—e PV 4 eﬂv)
~ 2cosh(pv)

= tanh%ﬂv)% + B%(a® + (0.)?) + 28% tanh(Bv)a(o.)

Q —Bv Bv —Bv __ ,6‘1}
tanh(ﬁv)— + 626 te (a® + (0.)?) — 526 ¢

2 cosh(pv) 2 cosh(Bv) 2a02)

2 2 2
= tanhQ(ﬁv)Q—Z" + 62 <(Q+,u) + tan h2(5v)(tﬂ)) 23 tanhz(ﬂv)u
v v v
2 2
= tanhQ(b’v)& + B 7(9 el B2 tanhQ(Bv)i(Qz —Z 2
v v? v
2 2
= tanhQ(Bv)Q—f + BQM (1 — tanh®(Bv)) . (A45)
v v
Using that tanh(z) ~ z for z << 1 and that tanh(z) ~ 1 for  >> 1 yields
2Q2 2 Qz 2
F = 61)2“ + alt v2+ 2 (1—p%?% ~p%, for B|H|s <1, and (Ad6a)
QQ
e for B||H||s > 1. (A46D)

Let us compare the high-temperature upper bound (A39a) with the approximate value (A46a), as well as the low-
temperature upper bound (A40a) with the approximate value (A46b). The main-text upper bound (7) is saturable,
to within a constant multiplicative factor, in both temperature regimes. Together with the Cramér-Rao bound, our
bounds imply that

X xgz . for BllH|s < 1,
varept (i) ~ H|

A47
ievor»  for BlIlH|s > 1. (A47)

V. COMPARISONS OF BOUNDS ON THE QUANTUM FISHER INFORMATION

In this section, we calculate quantum Fisher information in a spin-chain example. We compare the exact value with
our bounds, Egs. (6) and (7) in the main text. We reproduce the bounds here for convenience:

Fu < B (AA), (A48a)
Fu > 4B%1 (AA))?, (A48b)
and
Fu <2408 ((AA) = 1|lIvp, Allly) | (A49)
Fa> 086 ((AA) - 3lIve All3) (A49D)

We also compare the bounds to the one derived in Ref. [4]:

1
Fu < 62/ Tr (p“c?Alpl*“éAl) da, (A50)
0

with 614[ = Al — <Al>
Consider estimating the parameter p from the thermal state of a spin chain. We consider a one-dimensional chain
composed of n spin-1/2 systems, with the Hamiltonian

n n—1
H:HZUg—N—)\ZJi@UgH = pA, + AAy. (A51)
j=1 j=1



A, and Aj are the operators that multiply the parameters 1 and A.

Figure 1 compares the quantum Fisher information about p with the upper and lower bounds in Egs. (6) and (7),
and with the upper bound in Ref. [4]. We simulate n = 5 spins. The figure shows that the bounds are distinct and
that none of them is tighter than another in all regimes: in each subfigure, the two blue curves (upper bounds derived
in this Letter) and the orange star plot (bound in Ref. [4]) cross, as do the two red curves (lower bounds derived in this
Letter). However, the bounds are always obeyed: the black curve (exactly calculated quantum Fisher information)
always lies below the blue curves and orange star plot (upper bounds) and above the red curves (lower bounds).

(a) Quantum Fisher information vs. 8 (A/p = 5) (b) Quantum Fisher information vs. A (Bu = 0.1)
-1 -2.5
e Upper bound (6a) e Upper bound (6a)
-------- Lower bound (6b) ---——Lower bound (6Db)
- --- Upper bound (7a) - --- Upper bound (7a)
- - - - Lower bound (7b) - - - - Lower bound (7Db)
Upper bound in Ref. [8] ||—— Upper bound in Ref. [§]
2 Fisher information 2 Fisher information
& &
= =
E] E]
s
-3.5

In(A/p)

FIG. 1. Comparisons of bounds on the quantum Fisher information. The figure shows log-log plots of the quantum
Fisher information F,, about parameter y, as a function of the inverse temperature (left) and as a function of the parameter Q
(right). The 5-qubit system has the Hamiltonian H = p Z?:l ol + A Z?:_ll ol @it = A, + AAx. The plots also depict the
upper and lower bounds in Egs. (6) and (7), and the upper bound derived in Ref. [4]. Each plot illustrates (where a red line
crosses a red line or a blue line or orange stars cross) how different bounds can be tighter in different regimes.

VI. A MODEL THAT CAN BEAT THE STANDARD QUANTUM LIMIT

Here, we prove that the Hamiltonian

H=p> (ol+1) = AQnoj = H, + Hy, (A52)
j=1

j=1

considered in the main text has the GHZ state as its unique ground state when u < A. We also prove that
(AH,)? ~ p®n? for fin > 1.
For convenience, we shift H, by an irrelevant factor of (un)l so that we consider the new Hamiltonian

H=p

J

n

(Uﬁ—l—l—i—n)—)\@nanglu—i—H)\. (A53)
1 j=1

In the computational basis, labeled by bit strings s € {0,1}", this Hamiltonian is block diagonal, with 2"~! blocks of
dimension two spanned by pairs of computational basis states {|s),[s)}. Here, 5 denotes the complement of s—i.e.
5; = s; + 1 (mod 2). These blocks, each labeled by a bitstring s, take the form

_ wz  —n
H, = , (A54)

—An —uz

where z = 2|3| — n and [3| denotes the Hamming weight (i.e. the number of ones) of the bitstring 3. Note that we
have two distinct, but equivalent, choices of the bitstring s that labels each block. Also, z € [—n,n].
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Each such block can be simply diagonalized, and, thus, so can H = D, ﬁs. The eigenvalues of Eq. (A54) are

11222 + X\2n?. Consequently, the minimum eigenvalue of H occurs for the block where [5| = 0 (under a different,

but equivalent, choice of labeling this block, |$| = n). The associated minimum eigenvalue is —n+/u? + A2 and the
corresponding eigenstate (the ground state of H ) is

es) o~ (““;“) 9+ 3)- (A55)

Consequently, for u/A < 1, it holds that |gs) o |s) + |3), which is precisely the GHZ state |®).

For the GHZ state, it holds that AH » = pn. Consequently, we might expect, at least at low temperatures, that
the thermal states of this model might also exhibit estimation errors that decrease faster than the standard quantum
limit. This expectation can be analytically validated. In particular, a general thermal state takes the form

p= Zﬁ_lefﬂf[ = Z,B_l @efﬁﬁs, (A56)

where Zg is the partition function. It is easy to evaluate

(:“Z)Uz - ()‘n)gr

/u2z2+/\2n2 ’

e Bl — cosh(B+/ 222 + A2n2)1 — sinh(8+/p?22 + A?n?) (A5T7)

Consequently,

Zpg =2 Z cosh(Bv/ 222 + A2n?). (A58)

We can evaluate the variance (AHH)2 as ZS(AEIM,S)Q where H,, ; = puzo. is the block of H, labeled by the bit string
s. In particular,

~ 2 — - 2
(AHM> = Tr {psHis} ~Tr [pSHW]

N 4t 24 sinh?(B+/p222 + A2n?)
_ =1 2.2
=Zg |2p72" cosh(By/ 222 + A?n?) — 25222 1+ on?) (A59)
where we used that p;, = Ele’ﬂﬁs (note, p = P, ps)-
Asymptotically in SAn, we only have to consider the z = n block in Egs. (A58)-(A59), as lim, % =00
also, lim, s sinh((I+e)a) — ) for any € > 0. Consequently, asymptotically in SAn,
sinh(x)
~ \2 1 2utn? sinh? /2 + N2
(AHM> ~ 9pi2n? cosh( B/ + NZ) — — 2K S (Bna/i? + A7)
2 cosh(Bny/p? + A?) n? cosh(fn/p? + A2)(u? + A\2)
4,2
_ 2.2 2 pn
= p’n” — tanh”(Bn/p? + /\2)H2 v
2, 2 p

N2
where, in the last line, we use that § > 0. Therefore, we find the scaling (AH,J ~ u?n? for BAn > 1—up to

subleading, constant factor contributions to the scaling that depend on A. Since shifts by constants do not change
the variance of an operator, this also implies that (AH,,)* ~ u2n?

VII. SATURABILITY OF THE MULTIPARAMETER CRAMER-RAO BOUND

In this section, we derive conditions under which the multiparameter Cramér-Rao bound is saturated. That is, we
prove Eq. (12) in the main text. The multiparameter Cramér-Rao bound is saturable if and only if [1, 5]

Tr (p[Li, Ln]) = 0. (A61)
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To calculate this equation’s left-hand side, we express the trace relative to the p eigenbasis. Relative to that eigenbasis,
the symmetric logarithmic derivative is represented by a matrix with elements [1]

(71 0ip k)
Pj t Pk
After substituting into the trace, we invoke Eqs. (A14) and (A15):

T (plLus Lnl) = Y (p3 Gl La|R) (K| L 13) = o (K| L 13) G L2 IR) ) = D05 = p#) (G1 LK) (k| Lun 1)

Jk Jk

> M (1 Gup 1K) (K| Omp )

(I Lo |k) =2 (A62)

_ (pj —pr) L (=)
=4 3 ey 1BAR) (kA 1) {5

wjFWk

RS m<‘j|5Allk> (k|6 A4, |3) 97

Wj =Wk

pk) . .
—4%% o o, T AR (6] A 15). (AG3)

This expression and Eq. (A61) imply Eq. (12) in the main text.

In typical Hamiltonians, most parameters will not satisfy the rather stringent conditions (12) for saturation. They
are satisfied, for example, when the operators A; are diagonal relative to the energy eigenbasis. Hence the multipa-
rameter Cramér-Rao bound is saturable when one is estimating the Hamiltonian eigenvalues w;.

The single parameter Cramér-Rao bound can be saturated with measurements in the eigenbasis of the symmetric
logarithmic derivative L; in Eq. (A64) [6]. Using Eqgs. (A14) and (A15) into Eq. (A62), we find that

Z o \10ip k) |3lPVf (k| + Z 5 |6l,0|k?>| k)G

o T PP 2p;

_ (p; — px) . o . ‘
‘2%% BT p oy —on) UI0AR ) (R =8 3 (loAlk) [B) (- (A64)

wj=wk

Performing measurements on the eigenbasis of L; would yield one protocol to saturate the Cramér-Rao bound.

VIII. COMPARISONS WITH THE HAMILTONIAN-LEARNING LITERATURE

In this section, we compare our bounds to earlier results concerning the Hamiltonian-learning problem. Two
approaches to Hamiltonian learning are common: (i) the steady-state-based approach and (ii) the time-evolution-
based approach. In the steady-state-based approach, one studies states p that are stationary with respect to evolution
under the Hamiltonian H. These steady states satisfy the condition [7]

Op=—i[H, p] = 0.

exp(—BH)

? Tr(exp(—BH))"
of the Hamiltonian from eigenstates [7—14] or from Gibbs states [7, 15-18].

In the time-evolution-based approach, one analyzes the system’s time evolution under the Hamiltonian. Several
proposals concern learning the Hamiltonian from unitary dynamics [17, 19-22]. Experimental implementations [23, 24]
of Hamiltonian-learning protocols have been carried out, too. In the Hamiltonian-learning problem, one aims to learn
the Hamiltonian H from a physically relevant class of Hamiltonians, while minimizing the algorithm’s run time and
the number of copies of p. These two metrics are commonly known as sample complexity and time complexity,
respectively.

In this work, we focus on learning about a Hamiltonian from Gibbs states. Our comparison of sample-complexity

Every Hamiltonian eigenstate is a steady state, as is the Gibbs state Several studies concern estimations

lower bounds with earlier works is presented in the context of the 2 distance error, defined via € = (Zf\il | — [y |2) °.

Here, f1; denotes the estimate for y. The rationale for this comparison criterion is due to our adoption of the related
metric €qr, defined via Zz 1 var(fi) = e . We provide the following Lemma to relate the two error metrics.
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Lemma 1. For e and €. defined as before, the following holds.
1. Prob (62 > a) < % for all a > 0.

Var(ez)

a

2. Prob (|62 — eiw‘ >a) < for all a > 0.
3. For any two real numbers b and a such that b > a, let Prob (a <2< b) =1. Thena < e?m <b.
Proof. (Proof of part 1) Note that €2, = 7, var (i) and €2 = S (ji; — u)” . Since fi; is an unbiased estimator

for p;, we have E () = py for 1 € {1,2,--- ,M}.
Thus,

var (jir) = B [ (i — E ()] = E [t — m)’] (A65)

Let us define a new random variable, V; = (i — ;)*. Thus, using Eq. (A65), we get

M
o = ) E[V] (AG6)
=1
and
M
=1

Since V} is a non-negative random variable, using Markov’s inequality with Eqs. (A66) and (A67), we get

62

2 —err
Prob (¢* > a) < "

for @ > 0. This completes the proof of part 1.
(Proof of part 2) If Y is a random variable with E (Y') = « and Var (V) = 3, Chebyshev’s inequality says

Prob (Y —a| > a) < s Va > 0.
a

Applying Chebyshev’s inequality to Y = €2 = Zf\il Vi, we get

2
Prob(|62—a| Za) < VarT(e) Y a>0. (A68)
Since expectation is linear, we have
a=E(&) =, (A69)

Using Egs. (A68) and (A69), we get the desired result.
(Proof of part 3) For any random variable Z and two real numbers a, b such that b > a, the following holds:

Prob(a<Z<b)=1 = a<E(Z)<b (A70)
Substituting Z = €2 in Eq. (A70) and using Eq. (A69) for the expectation value of Z, we get the desired result. [

Distinctly from prior findings, our sample-complexity lower bound is defined by the commutativity of the Gibbs
state with the terms in the Hamiltonian. Our approach relies on no assumptions about the Hamiltonian’s structure.
In contrast, earlier studies focused on low-interaction Hamiltonians: each term in the Hamiltonian is supported on a
constant number of qubits. For a synopsis, refer to Table I.



1
@A || [vaAlll

Reference Sample-complexity lower bound Key technique
Bairey et al. [7] ? NA
Anshu et al. [15] Q (%) Quantum state discrimination
Sbahi et al. [18] ? NA
Haah et al. [16] Q (‘“‘g&#) Coding theory
Gu et al. [17] ? NA
This work Q (ﬁ%é,r max {minl (A:mz , min e /2 }) Quantum Cramér-Rao bound

13

TABLE I. Complexity of learning Hamiltonians via Gibbs states. The error € is the ls-distance error in the estimate
of the Hamiltonian parameters. We use the related quantity €e,r, defined via Zgl var(fi) = €. Our sample-complexity
lower bound, uniquely among the approaches, (i) is based on the commutativity of the Hamiltonian’s terms with the Gibbs
state and (ii) requires no assumptions about the Hamiltonian’s structure. In contrast, previous studies were conducted for
low-interaction Hamiltonians (each term in the Hamiltonian is supported on a constant number of qubits). The question marks
(?) indicate that no value has been reported or is available. Among the five prior studies, three provide no lower bounds on
sample complexity. Therefore, the “key technique” is listed as NA (“not applicable”) for these studies.
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