Supplemental Material for “The Lieb-Robinson light cone for power-law interactions”
(Dated: September 21, 2021)

In this Supplemental Material, we provide a rigorous proof of Theorem 1 in the main text (Sec. S1) and details
on the applications of the bound to connected correlators, topologically ordered states, and simulations of local
observables (Sec. S2). We also summarize the tight Lieb-Robinson bounds for « > 0 (Sec. S3) and compare our proof
strategy to previous works (Sec. S4).
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S1. PROOF OF THEOREM 1

In this section, we provide a rigorous proof of Theorem 1. We first summarize the lemmas we use in the proof of
the theorem, followed by the proofs of the lemmas in Secs. S1 A to S1C.

For convenience, we first recall the definitions from the main text. We consider a d-dimensional lattice of qubits
A and, acting on this lattice, a two-body power-law Hamiltonian H(t) with exponent «. Specifically, we assume
H(t) = >, jea hij(t) is a sum of two-body terms h;; supported on sites 4, j such that |[hy;(¢)| < 1/dist(i, j)* for
all i # j, where ||-|| is the operator norm and dist(¢,) is the distance between i,j. In this paper, we assume
2d < a<2d+1.

We use £ to denote the Liouvillian corresponding to the Hamiltonian H, i.e. £|0) = i|[H, O]) for all operators
O, and use et |O) = |O(t)) to denote the time evolved version of the operator O. Similarly to the main text, we use
PV |O) to denote the projection of O onto sites that are at least a distance r from site i. In particular, if ¢ is the
origin of the lattice, we may also drop the superscript ¢ and simply write PP,. for brevity.

Given a unit-norm operator O initially supported at the origin, P,.e~* |O) provides the fraction of the time-evolved
version of the operator O that is supported at least a distance r from the origin at time ¢. The identity [S1]
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where the supremum is taken over all unit-norm operators A supported at least a distance r from O, establishes the
equivalence between the projector and the unequal-time commutator commonly used in the Lieb-Robinson literature.

Theorem 1. For any « € (2d,2d+ 1) and € € (O, (a_(g;)%), there exist constants ¢, Cy,Cs > 0 such that

t a—2d 2 t
|P.e“" |0)]| < Cy () +Co—— (S2)
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holds for all t < ¢r@—2d—¢,



Our strategy is to divide the terms of the Hamiltonian by their interaction range and prove a Lieb-Robinson-like
bound recursively for each range. Specifically, let £y = 0 and ¢, = L* for k = 1,2,...,n, where L > 1 to be chosen

later,
1 t )"
=zl (=) ) ®

and n € (0, ﬁ) is an arbitrary small constant. For our convenience, we set £,,11 = r., where r, is the diameter
of the lattice. We then divide the Hamiltonian into H = ZZI; Vi, where Vi, = >

terms h;; such that the distance between ¢,j is between {;_; and £;. We also use Hj = Z§=1 Vi to denote the
sum of interactions whose lengths are at most ¢;, and £, = i[Hy, -] are the corresponding Liouvillians. Note that

H, 11 = H contains every interaction of the Hamiltonian.
We start with a standard Lieb-Robinson bound for H; [S2, S3], i.e.

ijib <dist(i,)<Lr h;j consists of
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where v; = 4et{; is proportional to ¢; and 7 = max; ZjeA,j;éi 1/dist(4, j)* is a constant for all & > d, and recursively
prove bounds for Hs, Hs, ..., H, using the following lemma:
Lemma S1. Suppose for ¢ > 1, we have
t—
[, 0)]| < exp [“’“ T} , (S5)
Oy
for some unit-norm operator O supported at the origin. Then for ¢;1 > ¢, we have
t —
[Pre 1t |0)]| < exp {”le} . (S6)
Ly
where
2d+1
Ug+1 = {log(r)v, + vA 1221 (S7)
k

and &, v, A are constants that may depend only on d.

Note that each of the bounds in the series has a logarithmic dependence on the diameter r, of the lattice. We later
show that this dependence on r, can be replaced by a similar logarithmic dependence on r, leading to a logarithmic
correction in the light cone. After applying Lemma S1 n — 1 times, we arrive at a bound for the evolution under H,:

nt -
Brc= 0)]| < exp [” d 7’] , (s8)
where
[2d+1-a [Rd+1-a n—1
vp = 2" vy — L2d+1y>\) 4+ P 1 () (S9)
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and z = £logr,. We now choose L = z'/(24+1=2) g6 that
vp = 2" Moy 4 (n — 1) L2 ). (S10)
At this point, we have a bound for the evolution under H,,, which contains most terms of the Hamiltonian except
for those with range larger than £,,. With the value of n in Eq. (S3), we eventually show that the bound Eq. (S8)
has the desired light cone t > 7 /v, ~ r®24,
Next, we add the remaining long-range interactions in H — H,,, i.e. those with range larger than ¢,,, to the bound.
The result is the following lemma, which we prove in Sec. S1B.

Lemma S2. Given any € > 0, there exist constants C, ¢, k,d such that

a—d
t a—2d ¢
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holds for all ¢t < ero—2d—¢/ log5 Ts.

The bound at this point still has an undesirable feature: it depends on the size of the lattice r,. Finally, we show
in Sec. S1 C that we can remove this dependence on 7, at the cost of adding additional terms to the bound. The
result is Theorem 1 presented in the main text.



A. Proof of Lemma S1

In this section, we prove Lemma S1.

Proof. For simplicity, let V = Vi1 = Hg41 — Hj in this section. We shall move into the interaction picture of Hy,
and write the time evolution under Hy11 as a product

T exp (—z’/ot ds HM(s)) =T exp (—z'/ot ds e‘ksv) T exp (—i /Ot ds Hk(s)> (S12)

of an evolution under Hjy, for which Eq. (S5) applies, and an evolution e under the V;(t) = e“+tV.

We decompose every term h;; in V into a sum of products of two single-site operators u(” ).

= > I, (S13)
m

where u(-”) have unit norms, J(’-‘) are nonnegative, and 3_, J(“) < 1/dist(4,5)®. In doing so, we can reduce the

evolution of h;; into the evolutions of single-site operators u(” ).

eﬁkthij _ piHkt [Z J(u)u(u) (u)] —iHit _ ZJ(M) iHit,, (u) o tHit yiHit,, (u) o tHit
ZJ(#) |: £kt )] {eﬁktuyﬂ} , (814)

where we have used the fact that e“+*(.) = e'fkt(.)e~"H+? is a unitary transformation.
We then pick a parameter R > ¢, and divide the lattice around 4 into shells of width R. Specifically, let Bﬁl)

denote the ball of radius r centered on 7. Let Sﬁi) = ij) \5’7(1_) g denote the shell of inner radius » — R and outer
radius 7 centered on . For each u, we have

Lty 1) = [(]1 —P)y + @Y — PO + (B, — Py + .. } Ertul =3 " ull (1), (S15)

where the distance in the subscript of the projectors is with respect to ¢ and ugf;)

qg=0,1,2,....
Using Eq. (S5) and the triangle inequality, we can show that

i i t—qR t— 1R
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Choosing R > vt and R > (1 4 €)¢, for some positive constant €, we have

’ H —<q£k1)R —|—e%«R < e—(a=1)(1+e) +e—q(1+5) <1 +el+5)e—q(l+a) (S17)
for all ¢ = 0,1,2,.... By combining the two legs of h;; together, we arrive at a decomposition e‘kthij =

Zpyq Wi psjq(t), where wi pj4(t) = Z# U lp( Ju (”)( t) and

(L+e™) prpse) (S18)

l[wipsj.q (D] < dist (4, j)«

Next, we divide the lattice into complementary hypercubes of length R. We shall prove that V;(t) actually consists
of exponentially decaying interactions between hypercubes. We shall index the hypercubes by their centers, i.e. C,
denotes the hypercube center at x. Given z,y as the centers of two hypercubes,

B!L’y(t) = Z Wi p:j,q(t) (519)
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FIG. S1. The effective interaction between two hypercubes C; and C, comes from the terms w; p;j, whose support (the shaded
area) overlaps with the cubes.

defines the effective interaction between the cubes C; and Cy. Note that 3, hay # Vi because some wj .., might be

double counted. The conditions B&l)Rmcz # @ and Bgll)RﬂC’y # O ensure that we account for all terms wj p.; (%)

whose support might overlap with the cubes C;,C, (Fig. S1). These conditions, together with dist(, j) < 541, can
be relaxed to

L Nz
L. dist(i,z) < (p+1)R+ RY%E,
2. dist(j,y) < (¢ + 1)R+ R%Z, and
3. dist(z,y) < (p+ )R+ R%L 4+l 11 + (¢ + )R + RYZ,

where (p+ 1)R and (¢ + 1)R are the radii of the balls around i and j, Rv/d/2 is the maximum distance between the

center and the corner of a hypercube, and the middle term fx,; comes from the maximum distance between i and j.

We bound the norm of izxy(t) using the triangle inequality and relax the conditions for i, j,p,q as we discussed
above:

(290 D SR T FHCI P s W (520
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where the subscript (1), (2), (3) of the sum refers to the three conditions above, respectively. Since dist(,j) > €, we
can simplify the bound and carry out the sums over i, j:

~ 14+e\2
hij(t)H < (In# Z e~ (Pta)(1+e) (S21)
k

D454,
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k
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d d
04 opp s <p +14 ﬂ) <q +1+ ?) e~ (pra)(i+e), (S23)

by

2t < g.e® (S24)

holds for all # > 0, where g. = d!/c?. Therefore, we can bound

d
d
(p +1+ \2[> < ggesﬂg e, (S25)



Substituting back to the earlier equation, we have
1+ e*e)? 9
‘ H < gerer2eft ) opyx (r+a)(1+e=e) < Iz p Z (p+a), (S26)
b p,q k
(3)
where g. absorbs all constants that depend only on € and d. Recall that condition (3) is equivalent to
dist(z, y) lit1
> —7 2 — — = S27
pa>—, Vid-—==a (S27)
We consider two cases. For ¢ > a, the sum over p can be taken from 0 to co
gE RQdZZ p+q) < gE R2d —a+1 ZZ p+q) _ e3g€ R2d —a
e~ e~ 1 e
q>ap>0 q>0p>0
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For ¢ < a, we sum over p > a — q
2 2~ 2+\f . R2d o
2d —(p+q) e’ ge 2d —(1—e)a o € YeYe€ g1 (1) distlg)
R o> e MaR < " o (S29)
g<ap>a—q
where we have used the identity Eq. (S24) again with d > 1 and € > 0 having the same value as before

Combining Eqs. (S28) and (529), we have

2d ,
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Note that 949 g the rescaled distance between the hypercubes C, and C,. Therefore, the interaction between
the hypercubes decays exponentially with the rescaled distance between them. Using the standard Lieb-Robinson
(S31)

bound for exponentially decaying interactions, there exists a constant v such that
1—¢)r
P Lt |0)]| < exp <1/€0t ( 7 ) )

for any unit-norm operator O supported on a single hypercube (including operators supported on single sites.) We
(S32)

now choose R = (1 — €){;41 and rewrite
62 e €2d
Eo = . —— 2+vd (& T—= (1 k41
0 gee_le e_1+gs € ( ) ga )
=)\
where the constant A depends only on € and d. Plugging this expression into the earlier bound, we get
2d+1
VALt — 1 Avt—
HIPTeLIt |O)|| < exp it = exp (H> ) (S33)
f/ﬁ.l ek—&-l
where
2d+1
Av = v ’“2; : (S34)

(1 —e)lit1 > (1 +¢€)l;. A constant e satisfying this condition exists as long as £+1 >
] =4

Note that we assume R = >
Next, we use the following lemma to “merge” this bound for e“* with the bound in Eq. (S5) for e+t



Lemma S3. Let Hy, Hy be two possibly time-dependent Hamiltonians and £, £ be the corresponding Liouvillians.
Suppose that for all unit-norm, single-site operators O and for all times ¢t < At for some At,

||Pre£1t |O)H < 617’5161)1;%, (S35)
HIPTeL"’t |O)H < 027“5261)22; (S36)
for some ¢ > ¢ and c1,co > 1;&1,&2 > 0 are constants. We have
[Bre2telrt [O)| < 20+ eqcaritbordrte (837)
for all ¢t < At.
We prove Lemma S3 in Sec. S1 A 1. Using the lemma, we obtain a bound for the evolution under Hy1:
[P, cCx+110)|| = [[BreBrtest [0)]) < 2+5rd1e S h (538)

However, because we assume vt < R in deriving Eq. (S33), Eq. (S38) is only valid for small time ¢ < (1—¢)lg 41 /v =
At. To extend the bound to all time, we use a corollary of Lemma S3:

Corollary 1. Suppose we have a single-site, unit-norm operator O, a Hamiltonian H with a corresponding Liouvillian
L, a constant At, and

||]P’,.e£t |0)]| < coréoevt—m/t (S39)
holds for all ¢ < At. Then, for all t < 28At for any k € N, we have
[P.5t10)| < cprshevt=/E (540)

where ¢j, = 2(d+5)(2k_1)c(2)k, & = (28 —1)(d + 1) + 2%¢, are constants. In particular,

vt—r

H]P’,«eu 0)]| < eAe T (541)

where y = 2[log(29"5¢g) + (d + 1 + &) log 7], holds for all time ¢.
We prove the corollary in Sec. S1 A 2. Using the corollary, we can extend Eq. (S38) to a bound for all time:

t (v +AV)t—T XUkt (v + Av)t —r Vpg1t — 7
P.eLk+1t |0)] < ex <X 4T ) <ex + =exp| —— |, (542
|| | )H > exp At Creg1 = &xp (1 — 5)£k+1 Cry1 P L1 ( )

where we have upper bounded x by x. = 4(d + 5)log 2 + 4(d + 1) log ry, . > r is the diameter of the lattice, and

2d+1 2d+1

Uker = [ 2 + 1) v+ vAEEL < 4(4d + 13) log(r, )ug + vA—EEL (S43)
1—¢ o I

Here, we have assumed that r, > 2 and ¢ < 1/2 so that 1/(1 —¢) < 2, x. < 4(2d + 6)logr,, and 1 < 4logr,.

Therefore, Lemma S1 holds with & = 4(4d + 13). O

1. Proof of Lemma S3

In this section, we prove Lemma S3.

Proof. The bound is trivial for r < vt, where v = vy + v5. Therefore, we will consider r > vt in the rest of the proof.

The strategy is to apply Egs. (S35) and (S36) consecutively. A technical difficulty comes from the fact that after
the first evolution e“1?, the operator has spread to more than one site. Therefore, we cannot directly apply Eq. (S36),
which assumes that the operator is single-site. Instead, we need to use [S4, Lemma 4] to extend the bound for sing-
site operators to multi-site operators. In particular, given the assumed bound Eq. (S36) and an unit-norm operator
Ox supported on a ball X of radius z < r, we have

HIP’Te£2t |OX)H < % | X | cortzelvat=—rta)/tz, (S44)

With that in mind, we divide the lattice into:



1. A ball of radius vt around the origin,

2. Shells of inner radius vit + (¢ — 1)¢; and outer radius vt + ¢f; for g =1,..., T’—flt,
3. The rest of the lattice, i.e. sites at least a distance r from the origin.
We then project e“1* |O) into these regions:
(r—v1t) /4y
£1110) = {(1{ ~Pu)+ > (Puri-1)a — Potign) + Pr|e“[0) (S45)
g=1
qx
= 100) + )10, +10.), (S46)

q=1

where ¢. = (r — v1t)/f;. We then apply the other evolution, i.e. €“2?, on each term of the above expansion.

First, we consider |Op), which has norm at most three and is supported on at most (2v1t)¢ = (2v1t)? < (2r)¢ sites
that are at least a distance r — vyt from the outside. Using the assumed bound, we have

27 : 27 4
H]P,Tegzt |OO)|| < ?(2T)d02r§2e(th—T—&-vlt)/éz — 72 coré2tdevt=r)/tz (S47)
Next, we consider |O,). Because [|O,|| < ¢yréte(vit=m/t
[Pre“2" |0,)|| < 2|04 < 21781 eVt < 90y opbitEe (VI /B < 90y e pbitEz (Vi) /2 (S48)

Finally, we consider |O,). Note that O, is supported on a ball of volume at most 2¢(vit + gf1)? < (2r)¢, |O,] <
(1+ e)clrfle*q and the distance between O, and P, is » — v1t — ¢f; < r. Therefore, we have

5 B0, < 5 J 0yt s
< Z (2r)4(1 + e)errsre Ieprézevt—r/t % (S50)
< Z 17 x 2%¢ cprérHéetdevt=r)/t: (S51)

q
<17 x 2%y eoréitéetdtlp(vi=r)/tz (S52)

where we have used ¢; < {5 and the fact that there are at most %ﬁ’lt < r different gq.
Combining Egs. (547), (548) and (S52) with ¢1,¢0 > 1, d > 1 and &;1,&2 > 0, we have

||Pr€£2t€£1t |O) || < 2d+56162r§1+§2+d+16(1}t77‘)/€27 (853)

with v = v; 4+ vo. Therefore, the lemma follows. O

2. Proof of Corollary 1

In this section, we prove Corollary 1, an application of Lemma S3 which extends the validity of a bound from
t < At to arbitrary time.

Proof. The lemma clearly holds for £ = 0. So we will prove it by induction. Suppose Eq. (S40) holds for some & € N.
We will prove that it holds for k + 1.
The strategy is to apply the assumed bound for k [Eq. (S40)] twice:

et 10)]| = |[Brect2e=4/2 0) ($54)

where the evolutions under e“*/? can be bounded by the assumed bound because t/2 < 2¥At. We then use Lemma S3
to merge the two identical bounds with v; =ve = v/2, ¢ =l = €, ¢1 = 3 — ¢, &1 = &3 — &

[P, e 0)|| < 295 cgr2entdtlovi=r)/E, (S55)



We choose
Cry1 = 247502 = cp = 2(d+5)(2k_1)cgk (S56)
Cpyr =26 +d+1 =& =28 —1)(d+1) +2%¢. (S57)

Therefore, by induction, Eq. (S40) holds for k + 1.
Next, to prove Eq. (S41), we choose k = [logy(t/At)] so that t < 2¥At. We also have 2% < 2t Therefore,

At
e < (2‘”560)%, &< (d+1+ fo)%. Plugging them into Eq. (S40), we have

2t vt—r

HPTePTt |O)H < (2d+500)%r(d+1+50)36 - — eXﬁJ“%, (S58)

with x = 2[log(2%+5¢o) + (d + 1 + &) log r]. O

B. Proof of Lemma S2

In this section, we prove Lemma S2.

Proof. First, we need the following lemma, which uses an existing bound to prove a tighter bound. We will use the
lemma recursively to prove the nearly optimal bound in Lemma S2.

Lemma S4. Let n € (0, =) be an arbitrary constant and

Y a—d

2d +1
0= (2d+1—-a)(1+n2d+1—-a)) (S59)

be another constant. Suppose there exist constants v, C,c > 0, k > J, and 8 > d such that
c t
|Pre” |O)|| < Clog” T g (S60)
r

holds for all t < ¢r?/ log® r,. Then, there exist constants C’, ¢ > 0, and &’ > § such that

/

B2 10} < 0" hog™ 1. (S61)

holds for all ¢ < c’rﬁl/ log5 ., where

d(B —d) a—d
[ —
ff—max{,«; 5 2d+lfoz’5 , (S62)
v =vd/B+1—n(a—d), (S63)
B =a—d—nla—2d)(a—d) >d. (S64)
Proof. Let V.= H — H,, to be the sum over interactions of range more than ¢,,. We have [S3]
t
£110) = 110) + 3 / ds EU=9 L, s |0), (S65)
hig *0

where the sum is over all h;; in V. The first term is the evolution under H,,, which we can bound using Eq. (S8).
Our task is to bound the second term.

Without loss of generality, we assume i < j. Because Ly, |O) only acts nontrivially on the part of O supported at
least a distance dist(7,0) from the origin, we can insert Pgjg(;,0) in the middle of the intergrand and use the triangle
inequality:

t
Hpreﬁt |O)H =< ||]P)Te[:nt |O)H + ]P)TZ‘/O dseﬁ(t_S)'ChijPdist(i,O)eﬁns |O) (866)
hij
t
< Bt O +4) / ds || ;| |[Paist i,0€°7 10))]) - (S67)
hij



Because |[hi;|| < 1/dist(i,)* and dist(i,j) > £, there exist a constant Kj such that 3,y )>e, 1Rl <
Ky/¢¢=4 for all i € A. Therefore, we have
Lt Lt 4K, L ¥
IPre= )] < [[Pre O + 5= dsZ [Paistci.0 e [0)]] (S68)

We then consider two cases for the sum over i. If dist(7,0)" < %log‘s(r*) s7, we use a trivial bound on the
projection:

> |Paisei.00€“"* [0) || < (2P (logr,)*/Ps7/P)t x 2 = 281 e~/ (log r, )4/ B 574/ (S69)
i:dist(4,0)8 <1 log®(ry) s

Otherwise, if dist(i,0)? > %10g6(r*) s7, we apply Eq. (S60):

Ly, K s7
Z [Passt(i,00¢“"* [0)|| < Clog™ . Z Jist(3, 077 (S70)
i:dist (4,0)>1 log® (r.) s7 i:dist(4,0)8 > 1 logd (r.) s7
K S’Y
< CKsyloghr, [ 1/B {log 12 )5 /P51 P]p=d (S71)
< CKyc# (logr, ) =257 s19/8, (S72)
where K5 is a constant such that
1 K,
< S73
, Z dist(,0)# — af~d’ (873)
i:dist(4,0)>a
for all @ > 0. Such a constant K> exists because 8 > d by assumption.
Combining Eqs. (S69) and (S72) and accounting for £ > §, we can upper bound
4K, [* s o 3(B—d) 5+
Ez?/“iw%wa"WWSK®W” = (S74)
n 0 i n

where we absorb all constants into K = 4K (21 ¢=4/8 + CKQ/CBE V£
have a bound for the evolution under H:

~arg- Substituting Eq. (S74) in Eq. (568), we

ad
sp—ay B T
B

[P, e%10)|| < e + K(logr.) " (S75)

.

We now substitute the values of v,, and ¢,, into the bound. Recall from Eq. (S3) that

- LO;L tos {T <7~at—2d>nH : (S76)

where 7 € (0, - L ——) is an arbitrary small constant. With this choice, we can bound /,, from both above and below:

t )" no T t " r t )"
rzr <Ta—2d> 2l=1L" =+ (ra—2d) = (€logr,)/Cd+1=a) <Ta—2d> : (577)

With vy = 4etly, v = £logr, = L?*71= we also have a bound for v,, from Eq. (S10):

(S78)

. ( " )n(2d+1—a) derpl/(2d+1-a) +vA(n — l)x(2d+1)/(2d+1—a)
Uy < T - )

ro—2d T
Assuming that r, > e 77/€ g0 that logL > 1 and x > 1, we have n < logr/log L < logr, = x/§. We can then
crudely upper bound

14n(2d+1—a) 14+n(2d+1—a)
t t
vp < (der +vA/€)(€log r*)zdzﬂfla g (M) = K3 (logr*)ﬁﬁlag (M) . (S79)
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where K3 is a constant. Assuming

t S Toz72d/[2K3 (log 7,*) in_f_la } 1+n(2dl+1—a) (SSO)

so that v,t < r/2, we can simplify the first term of Eq. (S75):

vpt—r _r 1 7’0472‘1 K
e mn <e 2 Sexp —5 ; . (881)

Similarly, the second term of Eq. (S75) can be simplified to

sp—a) 74/ BF1 sp-a) r £\
K— K— B+1
K(logr,) B = < K(logrs) Al [(5 g 7/ GITTa) <7aa—2d> ] (S82)

5B-d), _a=a_ ¢14/BF1-nla=d)

_ Kg(afd)/(2d+1fa)(logr*)n— 3 2dtil—a o d (e 2d)(ad) (883)

’

K’ t
= K4 IOg T*W, (884)

where K4, k', are constants. In particular, v = vd/8+ 1 —n(a —d) and /' = o —d —n(a —2d)(a« —d) > d.
Combining Eqs. (S81) and (S84), we get a bound for the evolution under H.
We now simplify the bound by considering ¢ such that

/ P
< — 885
= (log )% (585)

2d+1

ST T—a) (1 dFT=a)) " Since 8/ < a — 2d by assumption, we also have

for some constant ¢’ and § = (

g':a—d—n(a—Qd)(a—d) <a—d—n(a—2d)(a—d) o9 (S86)
v %d—&—l—n(a—d) T o4+ 1-n(a—d) '

Therefore, with ¢/ = (2K3)<1+’7<;d11*a>>, Eq. (S85) satisfies the condition in Eq. (S80). In addition, for 724 > ¢,
there exists a constant K5 such that

1 (o2 ¢t \"_
= <K ) <k
o[ (Y] <k () .

where we have again used 7'(a — 2d) > £ in the last inequality. Replacing Eq. (S81) by Eq. (S87) and combining
with Eq. (S84), we arrive at a bound

/

B2 10} < 0" tog™ 1 (588)

for all 7" < c’rﬂ,/log‘s ry, where C' > K4 + K5 and ¢’ are constants,

’ 5(6_(1) a—d
A T g (589)
Y =7d/B+1—n(a—d), (S90)
B =a—d-n(a—2d)(a—d) >d (891)

If ¥ < &, we simply replace ' by ¢ in Eq. (S88). Such replacement can only increase the bound in Eq. (S88).
Therefore, Lemma S4 follows. O

We now use Lemma S4 to prove Lemma S2. To satisfy the assumption of Lemma S4, we start with the bound in
Ref. [S5]: There exist constants Kg, K7, and vg such that

a(a—d+1)

t a—2d
H [O/,eﬁtO] H S Kﬁexp (’UFt - m) + K7T, (892)
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for all single-site, unit-norm operators O’ supported a distance r from O. We consider the regime

a(a—d+1)

t- ez < er® 4 log’ r, < er® 4 < er®, (S93)
where we choose ¢ = (2vp) ™% so that
T

Therefore, there exists a constant Kg such that

a(a—d+1)

r r t(1+d)/(a—2d) T+d
Kgexp (”Ft - t(1+d)/(a—2d)) < Keexp (* 2t(1+d)/(a—2d)> < Ky < r >

tala—d+1)/(a—2d)
< Ksr—a

(S95)

holds for all ¢ satisfying Eq. (S93). In the last inequality, we have used « —d+1 > d+1 to lower bound the exponent
of r. Substituting Eq. (S95) into Eq. (S92), we get a simplified version of the bound in Ref. [S5]:

ala—d+1)
[0, e50] | < Ko™, (96)
where Ko = K7 4+ Kg. Applying Lemma 4 in Ref. [S4], there exists a constant K7g such that:
a(a—dt1) a(a—di1)
B,e2t 0)]| < Kio'——o— < Kgloghr, (S97)
re— ro—

where the additional factor —d in the exponent of r comes from “integrating” over sites that are at least a distance

r from the origin. Equation (S97) satisfies the assumption of Lemma S4, with C' — Kip,¢c = (2vp) % Kk — 6,7 —
ala—d+1)

~—sq >3 — a —d. Therefore, by the lemma, there exist constants C1, c1, #1 such that

thn
H]P’Teﬁr 0)|| < C1log™ e Ay (598)

holds for all £ < ¢;7%1 /log® ., where

_ala—d+1) d
n=0ED ), (599)

f1=a—d—n(a—2d)(a—d). (S100)

Equation (S98) again satisfies the assumption of Lemma S4. Applying the lemma again with v — 1,8 — S1, we
obtain

r . 2
|Pre” [0)| < Czlog e (s101)
for some constants Cs, ko, 2 = 1, and
d
7= 5o+ 1=l —d)= fn) (S102)
1
After applying Lemma S4 for m times, we obtain
L Kon o Km t o
for some constants C.,, km, Bm = B1, and
Ym = D (), (S104)

where f°(~1) denotes the (m — 1)-th composition of the function f. It is straightforward to show that

a—d—nla—-2d)(a—d) a-—d

Jm Hm ym = limy a—2d T a-—2d’ (5105)
lim lim B _ a—2d. (S106)

n—0m—00 v,
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Therefore, for all € > 0, there exist m > 1,1 € (0, ﬁ) such that By /Ym > o —2d — e and 7, > ;’f;d —¢e. We
obtain

- . t a—2d ¢
HPT(E T |O)H < Cm log Ty (T-anE) 5 (8107)
which holds for all t < c,ln/’y’" ro‘*Qd*E/(log r*)‘s/%" < po=2d—¢ [emma S2 thus follows. O

C. Removing the dependence on the lattice size

In this section, we use Lemma S2 to prove Theorem 1 by removing the dependence on r,. Since the bound in
Lemma S2 depends on log(r,), this dependence is mild for all r, that scale polynomially as a function of . On the
other hand, if . scales as a super-polynomial function of r, we intuitively expect interactions supported at distance
o 7, from the origin to play a very minor role in the evolution of O.

Our strategy is to first truncate away interactions supported beyond a distance 1o = poly(r) < 7. and apply
Lemma S2 to obtain a bound for the truncated lattice. We then use the interaction-picture technique to add these
interactions back into the bound and show that their contributions add up to a small r.-independent constant that
we can control using rg.

Proof. Let Hoyt = Py H denote the terms of the Hamiltonian H that have support outside a distance rg from the
origin, Hy, = H — H,y; be the rest of the Hamiltonian, and Loy, £in are the corresponding Liouvillians. Using the
triangle inequality, we have

: (S108)

t
[Pe2 0)]] < [[Breint (O)]| + 3 HP [ as ey, et 0
hij 0

where the sum is taken over terms h;; in Hoy. Without loss of generality, we assume dist(4,0) < dist(j,0), which

implies dist(j,0) > ro. In addition, since e“n*|0) is supported entirely within the radius 7o from the origin, only

terms where dist(4,0) < r( contribute to the above sum. We consider two cases: dist(i,0) > r¢/2 and dist(z,0) < rq/2.
In the former case, we insert Pgis(s,0) in the middle of the integrand and bound

t t
Z HPT/ ds eﬁ(t_S)Ehijpdist(i,o)eﬁins |O)H <4 Z thH/ ds HPdiSt(i,O)eLmS |O>H
0

hij:dist(i,0) (52 ,ro] 0 hij:dist(i,0)€(%2 o]

a—d
+ SSsq ¢ t a—2d ¢
S 4K1C10g5(27’0) Z / <d15t )a 2d— E> § Kgrodt <7,01—2d—8> 5 (8109)

ixdist(4,0)€ (2 0

where K is a constant. We have used Lemma S2 to bound the evolution under e“»*, which is supported entirely
within a truncated lattice of diameter 2ry, and used the fact that the interaction h;; decays as a power law with an
exponent a > 2d to bound the sum over j by a constant. We require ¢t < clr"‘_zd_‘f/log‘S (2r9), for some constant
1,6, to satisfy the conditions of Lemma S2.

On the other hand, when dist(4,0) < ro/2, we have dist(i,j) > r9/2. Therefore, there exists a constant ¢y such
that 3 [|hy]] < co /1o~ for all i. We can then bound

/ds&@”c Lins @H<4 (S110)
hij: d“’t(l 0)< i:dist (i §70
for some constant K3.
Using Lemma S2 on the first term of Eq. (S108) and combining with Eqgs. (S109) and (S110), we have:
i . t a—2d ¢ J t a—2d ¢ t
0 0
We choose 19 = r¢, where
a—d a—2d—c¢ a—d
- (1 _ > S112
: < Ta—ad g)a—Qd—e(a_Qd)2+a_d+e2 Ta-2d ( )

a—2d
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and we require € < (a — 2d)?/[(a — 2d)? + a — d] so that the lower bound on ¢ holds. Under this choice,
J t e + I t asae
KQTOt < a2de) = K> ( a—2d—5) < Ky ( a—2d—a> ’ (8113)
e T T

for all t < ¢;7*~247¢ where K, is a constant. In addition, for ¢ < (a—2d)?/[(a—2d)? +a—d], £ > (a—d)/(a—2d)
and, therefore,

t t
K < K. S114
3,,4847211 3Ta—d ( )
Combining Egs. (S112) to (S114), we have
ct K a2l t

which holds for all ¢ < ¢;7*~24=¢ /10g° (2r¢) for some constants K5, K independent of ¢, r.
Next, we simplify Eq. (S115) by “hiding” the factor log”™ r inside the constant . Specifically, there exist a constant

K7 such that log"™ r < K77‘5/, where ¢’ = 5 (;‘:2"2 — %), and constants Kg, Kg such that

t
ra—2d—e/2

5:2d7% t t a—2d 2 t
) + Kgm < K7Kg <7“> + Kg—— (8116)

ct
e 10)]] < R tog(r) (
which holds for all t < ¢;r®24-¢/2 /10g° (2r¢). In addition, there exists a constant Ko such that K1 log®(2r¢) < r</2
for all r > 1. By requiring that ¢ < Kjgc1r® 247¢, we also ensure t < ¢~ 247¢/2 /10g° (2r¢). Therefore, Theorem 1
follows with ¢ — ClKlo, Ci — K7K8, and Cy — Kg.
O

S2. APPLICATIONS OF THEOREM 1

We discussed in the main text that the tightened light cone and nearly optimal tail in Theorem 1 improved the
scaling for various applications of Lieb-Robinson bounds to problems of physical interest in the regime 2d < o < 2d+1
Here we provide some mathematical details to justify those assertions. We also provide a table briefly summarizing
the bounds we will use to compare, where we consider each bound to take the form ||[A(t), B]|| < ct?/r? for some
constants ¢, v and 3, where A is single-site, but B may generally be some large multi-site operator.

Bound Light cone Tail v B ~ B
This work (B1) t > =24 1/remd o=d a—d v+1p
(a—d)(a—2d) S0 alen
Ref. [85] (BQ) t Z r "1(2‘;—11+1) 1/7"0‘ d 7(Q_02l;1) oa—d vy +1 ﬂ
Ref. [S6] (B3) t 2 ra-d 1/ro72 o —d a—2d vy Jé]

TABLE S1. Comparison of Lieb-Robinson bounds for 2d < o < 2d + 1. We name the bounds B1, B2, and B3 for brevity. We
ignore the arbitrarily small parameter £ in B1 for simplicity, as it does not affect the conclusions.

We first consider the application of the bound on the growth of connected correlators. Consider two unit-norm,
single-site observables A and B initially supported on sites x and y, respectively, such that x and y are separated by
a distance 7. Let [¢)) be a product state between B, /o(x) and B, /5(y), where B, /5(x) is the ball of radius /2 around
x. The connected correlator is defined by

C(r,t) = (At)B(t)) — (A(1)) (B(1)) , (S117)

where (-) = (1] - [¢)). Define A(t) = Trs: ,(a) [A(t)] and B similarly. It is elementary to bound C(r,t) by

C(rt) <2 HA(t) - A(t)” 42 HB(t) - B(t)H . (S118)
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That is, the connected correlator is controlled by the error in truncating A(¢) and B(t) to within a ball of radius r/2
around their initial support. A simple result from Ref. [S7] allows us to bound this error

a0y -dw] < [ RGO <o (s119)
r/2\T

where dU is the Haar measure on unitaries supported outside a ball of radius r/2 around z. Thus, for a given
Lieb-Robinson bound

Y
C(r,t) <277 2c—. (S120)
T
Ignoring constants and focusing on the asymptotics with respect to ¢ and r, we see that
B1 toz—d a—2d
R12 = @ ~ (ta(ad+1)) ’ (8121)
B (t=m )" "
a—2d
Riz = — ~ - S122
13= 33 < P ) r ( )

Thus, as t increases, the tighter light cone of B1 leads to significant improvement in bounding the connected correlator
as compared to B2. While B1 has a slightly worse time-dependence than B3 (as 0 < a — 2d < 1), it has a much
better r-dependence. And, of course, when taken together, Bl follows a tighter light cone than B3, leading to an
overall more useful bound. Thus, while B3 may strictly have a better time-dependence, B1 provides the tightest
holistic bound on the growth of connected correlators.

A nearly identical calculation allows us to place stricter bounds on the time required to generate topologically
ordered states from topologically trivial ones. We define topologically ordered states as follows: consider a lattice A

with diameter L and O(L?) sites. We say that a set of orthonormal states {|11),...,|¥:)} are topologically ordered
if there exists a constant ¢ such that
e =sup max {[{¢s[ O[¢;) — (5| O[i) , 2 (] O |9h)[} (S123)
o 1<i,j<k

is bounded ¢ = O(L~?). The supremum is taken over operators O supported on a subset of the lattice with diameter
¢ < L, so ¢ essentially measures the ability to distinguish between states |¢);) using an operator O supported on
only a fraction of the lattice. In contrast, we say the states are topologically trivial if € is independent of L. Given
a set of topologically trivial states {|¢;)}; and a set of topologically ordered states {|¢;)}:, the question is how long
it takes to generate a unitary U such that U |¢;) = |¢;) for all i using a power-law Hamiltonian. Ref. [S4] proves
that this time is controlled by the time it takes ||O(t) — O(¢,¢')|| to become non-vanishing in L, where O(t,¢') is
the truncation of the time evolution of O to a radius £. This expression is bounded in the exact same way as the
connected correlator was, and so we see the same improvement from B1 as compared to both B2 and B3.

Finally, we consider the task of simulating the evolution of a local observable under a power-law Hamiltonian H
using quantum simulation algorithms. In contrast to the earlier applications, it is not sufficient to simply truncate the
time-evolved observable to the light cone. Instead, to simulate the observable, we need to construct the Hamiltonian
that generates the dynamics of the observable inside the light cone.

Let A be a unit-norm, single-site observable originally supported on site 2, and consider A(t) its evolution under a
2-local power-law Hamiltonian H. Define H, to be the Hamiltonian constructed by taking terms of H that are fully
supported within B, (x), and let A(¢) be A(0) evolved under H, (note that this is different than our previous definition

of A). The question is how large r must be (i.e., how many terms of H must we simulate) for HA(t) - fl(t)H to have

small error. Intuitively, this observable should be constrained to lie mostly within the light cone of a Lieb-Robinson
bound for H as long as the tail of the bound decays sufficiently quickly, so we expect r to be related to the lightcone
of our bounds. Refs. [S4, S6] make this intuition rigorous and yield

HA(t) - A(t)H < :; (S124)

where /’y’ Iand B’ are listed in Table S1. In particular, in orfier/ to ensure only a constant error, we must choose
r ~ t7/# which corresponds to simulating about r? ~ t297/#" terms of the Hamiltonian. We can compare this
exponent ¢ = ' /3’ between bounds:
(a—1)(a—d)+a«
- =— S125
¢B1 — ¢B2 (@ d)a—2d) (5125)
(a—d)?+d

¢B1 — ¢B3 = —m- (S126)
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These differences are all negative for 2d < a < 2d + 1, meaning the current work provides the tightest bound on how
many terms must be kept to get constant error when simulating the evolution of local observables in this regime.

It would be also interesting to study whether these tighter light cones help generalize other applications of the Lieb-
Robinson bounds, such as the entanglement area law [S8] and the Lieb-Schultz-Mattis theorem [S9], to power-law
interactions.

S3. A SUMMARY OF THE LIEB-ROBINSON BOUNDS FOR POWER-LAW INTERACTIONS

We provide in Table S2 a brief summary of several Lieb-Robinson bounds for power-law interactions, including
the bound presented in the main text, and the saturating protocols.

Regime Bound Light cone Saturating protocol
a>2d+1 Ct,r) St re=d Refs.[S4, S10] t > r t=0(r) —
a=2d+1 Ct,r) < (t/r' E)d+1_5 This paper > r'~¢ =0O(r) —
a—d _¢

2d<a<2d+1C(t,r) < (t/r')o2d"2 This paper  t > r®247¢ = O(ro2d) Ref. [S11]
a=2d C(t,r) < “/r Ref. [S2] t > logr = O(eVlosm) Ref. [S11]
d<a<2d C(t,r) Sevt/rod Ref. [S2] t 2 logr = O(polylog(r)) Ref. [S11]
a=d Ct,r < Nl/d) < ePUos Mt _ 1 Ref. [S12] t21/logN t=0O(logN) Ref. [S13]
0<a<d C(t,r o NY/4) < W7Dt _ 1 Ref, [S12] t>1/N*~ a/d = O(1/N'=2/4)  Ref. [S12]

TABLE S2. A summary of the Lieb-Robinson bound on C(t,r) := HIPTe“ |O) H for a unit-norm operator O initially supported
on a single site. In the last column, we list several protocols for propagating information. Up to subalgebraic corrections,
these protocols saturate the corresponding light cones for all & > 0. The big O and big 2 are the standard Bachmann-Landau
notations. We use ¢ > 0 to denote arbitrarily small positive constants. In the first two rows (o > 2d + 1), the linear light
cone can be saturated by a trivial protocol that consecutively swaps nearest-neighboring spins. In the fourth row, v = 3v/d is
a constant. For a < d, the bound additionally depends on the total number of sites N in the system. We write the bound at
r o NY? which is the largest linear length scale in the system, to simplify the expression.

S4. THE PROOF STRATEGY COMPARED TO PREVIOUS WORKS

In this section, we discuss on a high level the similarities and the differences between our proof strategy and the
strategies of previous works.

The proof strategy that involves breaking up the interactions into different length scales dates back to the first
polynomial light cone by Foss-Feig et al. [S5]. This strategy was also employed in the more recent proofs of the
linear light cones for & > 2d 4+ 1 by Chen and Lucas [S1] and Kuwahara and Saito [S10]. In particular, Ref. [S10]
and this manuscript both use the interaction-picture technique introduced in Ref. [S5] to recursively add longer- and
longer-range interactions to existing bounds. On a high level, the key difference between these works is in how the
length scales are chosen.

In Ref. [S5], the authors simply divided the interactions into two length scales, resulting in an exponentially tighter
(but still not optimal) light cone for o > 2d compared to the previous work by Hasting and Koma [S2]. Instead of
two, Ref. [S1] divided the interactions into multiple length scales proportional to 2% for integer values of k, proving
the first linear light cone for a > 2d in d = 1 dimension. Ref. [S10] later provided a proof of this linear light cone for
all d > 1, but using doubly exponentially growing length scales. These length scales would not have produced the
desired light cone t > r*~24 for a € (2d,2d +1). For example, if we were to simply extrapolate the bound in Eq. (7)
of Ref. [S10] to a € (2d,2d + 1), this would have resulted in a light cone t > r(@=9/(d+1)  This hypothetical light
cone is tighter than the one we expect and is violated by the protocol of Ref. [S11], suggesting a proof based on the
length scales of Ref. [S10] would have broken down for o € (2d,2d + 1).

Our strategy for breaking up the interactions bears more resemblance to Ref. [S1] than to Ref. [S10] in that the
length scales grow exponentially as L* for some L. However, the intuition from the recent optimal protocol in
Ref. [S11] suggests that L should depend on « for a € (2d,2d + 1). Another key insight that inspired our choice of
L is a guess on what the optimal bound should be. Recall that we were looking for an upper bound on how much
an initially local operator “spreads” beyond distance r at time t. Perturbatively at small time, the operator can
spread beyond r using all interactions that couple the origin and sites ¢ such that dist(¢,0) > r. The maximum total
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strength of such interactions is roughly

1 1
~ . 12
Z dist(z,0)>  ro—d (8127)

i:disti,0>r

Any hypothetical Lieb-Robinson bound that, at fixed time, decays with distance faster than 1/r*~% would be violated
by this simple protocol. We conjectured that this so-called “tail” of the optimal bound must be exactly 1/r*~%. This

conjecture, together with the desired light cone t > r®~2¢ suggests the bound
a—d
i < t a—2d
|P-e~"10)]| £ - : (S128)

This nontrivial guess guided us in choosing the length scales, which eventually lead to the bound in Theorem 1 in
the main text.
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