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Exotic Photonic Molecules via Lennard-Jones-like Potentials
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Ultracold systems offer an unprecedented level of control of interactions between atoms. An important
challenge is to achieve a similar level of control of the interactions between photons. Towards this goal, we
propose a realization of a novel Lennard-Jones-like potential between photons coupled to the Rydberg
states via electromagnetically induced transparency (EIT). This potential is achieved by tuning Rydberg
states to a Forster resonance with other Rydberg states. We consider few-body problems in 1D and 2D
geometries and show the existence of self-bound clusters (“molecules”) of photons. We demonstrate that
for a few-body problem, the multibody interactions have a significant impact on the geometry of the
molecular ground state. This leads to phenomena without counterparts in conventional systems: For
example, three photons in two dimensions preferentially arrange themselves in a line configuration rather
than in an equilateral-triangle configuration. Our result opens a new avenue for studies of many-body

phenomena with strongly interacting photons.
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Atomic, molecular, and optical platforms allow for
precise control and wide-ranging tunability of system
parameters using external fields. Interactions between
atoms can be controlled via Feshbach resonances enabling
studies of the BCS-BEC crossover [1,2] or via highly
excited Rydberg states giving rise to frustrated magnetism
[3], topological order [4], and other exotic phases [5].
Interactions between single photons in vacuum or conven-
tional transparent materials are negligible; however, they
can be enhanced by strongly coupling photons to specially
engineered matter [6]. An open challenge is to achieve a
similar level of tunability for strongly interacting photons
as demonstrated for atoms. Such tunability could lead to
applications in photonic quantum information processing,
metrology, sensing, as well as exotic photonic phases of
matter [7].

A promising platform to achieve this goal are Rydberg
polaritons, for which interactions between Rydberg states
are mapped onto photons via EIT [8—10]. The effective
interactions between photons are not only strong [11], but
also saturate to a constant value [12-15] for distances
shorter than the blockade radius r;, ~ 10 ym, which usually
is much greater than the wavelength of the photons. These
properties have enabled several theoretical proposals and
experimental realizations related to quantum information
processing, such as gates [16,17], transistors [18-20], and
nonclassical states of light [21-24].

Up to now, the field of dispersive Rydberg-EIT has
predominantly concentrated on the effective interactions

0031-9007,/20/125(9)/093601(7)

093601-1

between polaritons proportional to 1/(r$ + r°), which
change monotonically as a function of separation r.
Additional work has explored lossy [25] Coulomb bound
states, and bound states via interactions mediated by 1D
photonic crystals [26]. Here, we propose a novel method to
tune the shape of the divergence-free interactions [27] in
one and two dimensions between photons propagating
through the Rydberg medium. We achieve this using
Forster resonances, which are a useful tool to control
interactions between atoms [9,28-36]. Application of these
resonances to quantum optics with Rydberg polaritons was
studied in the context of Rydberg atom imaging [37-39]
and an all-optical transistor [18,20]. We demonstrate that
with an appropriate choice of states and couplings, we can
achieve a Lennard-Jones-like potential between photons,
which has a global minimum at a finite distance [see
Fig. 1(b)]. We show the existence of bound states in one
and two dimensions for two photons interacting via this
molecular potential, and further discuss multiphoton self-
bound clusters (molecules) of photons [see Fig. 1(d)].

In the previous studies of shallow [12] and deep [13]
bound states, the photons interacted via a soft-core poten-
tial and therefore preferred to overlap. This precluded the
formation of more complex molecularlike structures that is
possible in our proposal. The many-photon clusters studied
here resemble photonic crystalline features studied in one
[40,41] and two dimensions [42]. However, the latter
proposals are based on strong repulsion and therefore,
without the external trapping potential, the crystals become
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FIG. 1. Using magnetic fields, we tune |SS) (characterized by
principal quantum number n) close to the resonance (deviation
from resonance denoted by A,) with the P, P, state having n; =
n and n, = n — 1. (b) This gives rise to the effective molecular
potential V, plotted for A,;/V,. = 0.03 used also in Fig. 2(b). By
working with |V ;.| << 1/]j|, this potential around the local
minimum is nearly equal to V; (i.e., is not modified by ), see
blue dotted vs green dashed curve. (c) A quasi-2D cloud of atoms
placed in the center of a multimode cavity. The mode structure of
the cavity gives an effective mass for free particles moving in two
dimensions. The inset shows the resulting quadratic photonic
dispersion relation. For strong nonlinearities, this setup gives rise
to few- and many-body self-bound clusters of light in two
dimensions, e.g., arranged on a ring, which is illustrated in
(d) for seven photons.
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unstable in contrast to our work proposing self-bound
clusters.

One of the unconventional properties of Rydberg-EIT is
strong three- and higher-body interactions between polar-
itons [43-45]. These strong three-body interactions impact
the energies of three-body bound states [46]. Here, we
show that Forster resonances in combination with Rydberg-
EIT lead to another source of many-body forces. These
additional forces give rise to new phenomena. For example,
it is energetically favorable to have three polaritons in a
line, rather than in a triangular configuration.

System.—Throughout, we focus on photons evolving in
1D and 2D multimode cavities [42,47-50], Fig. 1(c),
described by the single-particle Hamiltonian [42,51-55]
(h=1)

E\T/-ik+T g 0 2
le/dr i g A o |l1]. o

where & is the field operator describing the photonic mode,
whereas 7 and S describe intermediate- and Rydberg-state

collective spin excitations, respectively [8]. 2k is the cavity
loss rate, A = 6 — iy; is the complex single-photon detun-
ing, 2y; is the atomic intermediate state decay rate, 2y is
the Rydberg level decay rate, g is the single-photon
coupling, and Q is the Rabi frequency of the control drive.
The kinetic energy of photons is described in one and two
dimensions via T = —(V?/2m,,;,), where m ,, is the photon
mass defined by the cavity parameters. Note that our
approach can be easily generalized to a 1D free-space
geometry, which is discussed below. The Hamiltonian in
Eq. (1) can be diagonalized and leads to two bright and one
dark polariton branches [13]. Well within the EIT window
[56] and in the limit of Q <« g (assumed throughout), the

dark-state polariton D takes the form D~ 8 — (Q/g)E.
To leading order, the dark-state polariton losses are
(Q%/¢*)k + ys and are negligible for the evolution times
considered in this Letter. For simplicity, we shall assume
|6| > y,, and therefore neglect the imaginary part of A. The
dispersion of D is inherited from the photonic component
and therefore described via an enhanced mass equal
to m = (g*/Q*)m

The interactions for conventional dark-state polaritons
are inherited from the van der Waals (vdW) interactions
between Rydberg states [10,57] described by the quartic
term  proportional to 8T(r)8T(r)Vgs(r —r)S(r)S(r).
However, close to the Forster resonance, the physics
becomes more subtle because at least two strongly inter-
acting pairs of states are involved. To build intuition, we
first study the two-body problem.

Effective Lennard-Jones-like potential—In the past,
Forster resonances were used in Rydberg-EIT transistor
experiments [18,20], which used two S states with different
principal quantum numbers for the gate and source photons.
Here, we are interested in few- and many-body physics and
therefore use a single nS state [58]. In this case, there is no
true Forster resonance at zero external fields [59], but there is
an approximate one nS + nS — nP + (n—1)P. We con-
siderJ = 1/2,m; = 1/2 SstatesandJ = 3/2,m; =3/2 P
states and tune them to near resonance [20] [see Fig. 1(a)]
using a strong magnetic field (defining the quantization axis)
perpendicular to the atomic cloud [60].

Under these conditions, there are three relevant pairs of

Rydberg states {SS,P;P,, P,P;} with interactions
between them described by

Vss Va Va

Vi Ver+As  Veporr | (2)

Vi Verot  Vep+ 4y

where A; = Ep + Ep, —2Es is the Forster defect and

V4= Cse2 /3 is a dipolar interaction with the polar
angle ¢, describing the direction of the relative distance
r =r; —r, between the first and second excitation, with
r=1|r|. In general, |V, could have an additional
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azimuthal-angle dependence, which is not present for the
ID and 2D geometries considered here. Vg = Cgg/r°,
Vpp = Cpp/r® are diagonal vdW interactions [61],
whereas Vpp oir = Cpp ofr/ r® is the off-diagonal vdW
interaction between PP, and P,P;.

The conventional Rydberg-EIT two-body problem can
be described using a set of nine coupled Maxwell-Bloch
equations [22,62,63] for XY components of the two-body
wave function, where X,Y € {€,1,S}. Importantly, the
P,P; and PP, components are coupled to the conven-
tional equations [22,64] only via dipolar interactions V.
This enables us to eliminate the P,P; and P;P, compo-
nents (see Supplemental Material [64]) and leads to the
standard equations of motion, but where Vg is replaced by

Css 2(3)°
Vf(r) o 7 - Ay + CPP+rpr.uff —w (3)

with @ the total energy of the pair of polaritons. This
potential [see Fig. 1(b)] can have a local minimum which
intuitively comes from the interplay of the diagonal
interactions ~1/7° and the off-diagonal couplings ~1/73:
The latter terms dominate at large separation causing the
potential curve SS to be attractive, whereas at short
distances the vdW interaction dominates and the potential
is repulsive. This is in contrast to other molecular potentials
[65,66] arising from the avoided crossings between poten-
tial curves. Based on V, using the approach developed in
Ref. [13], we arrive at the soft-core effective potential
between polaritons,

Vi = 2 (@)
L=2V(r)
where 7 = (A/2Q?%) — (1/2A) for the regime considered
below. In contrast to conventional Rydberg-EIT, both the
strength and shape of V; can be tuned using A, and the
choice of principal quantum numbers. In general, the depth
V min Of the potential V, can be as large as its height equal to
—1/y. However, by assuming henceforth a shallow V, such
that Vi, < @, = 1/||, we can (i) neglect dependence of
on w because w ~ V.. [13]; (ii) neglect the scattering to
bright polaritons for a small center-of-mass momentum K <
k.= (g*/cQ®)w, [13] assumed henceforth; (iii) neglect
blockade-induced three-body interactions [43,44].
Two-body problem.—The two-body problem can be
described using the wave function ¢(r) depending on
the relative distance r. ¢ describes two dark-state polar-
itons, is proportional to £ ~ £S + S&, and is the solution
of the effective Schrédinger equation [13]:

v2

W) = | =+ V(r Ag) [plr). (5)
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FIG. 2. Results for 8Rb, n = 120, n; =120, n, =119,
Q < |A|, V.mb? =40, and w, = 4V, which is achieved by
an appropriate choice of Q. (a) Bound-state energies as a function

of A, in units of V.. (b) The wave functions for two lowest bound
states with A,;/V,. = 0.03 [blue dots in (a)].

As discussed, we can neglect dependence of y on w,
however, there is still dependence of V; on w, see Eq. (3),
which we take into account in the numerics. The local
minimum of V, exists for Cgg(w—Ay) +2C3 > 0.
Considering |@w| < A, enables us to define the character-
istic energy v, = 2C§ /Css quantifying the range of A, for
which a bound state could exist. In addition, we define (for
details see the Supplemental Material [64]) the character-
istic length scale b = [(v/2 + 1)CppCys/C3]"/¢ for the
position of the local minimum, and V. = 2C35/Cpp quan-
tifying the depth of the potential.

Next, we self-consistently find the solutions of Eq. (5)
for different A,. In Fig. 2, we show solutions for the 1D
limit of Eq. (5) for V.mb?> =40, corresponding to
OD,y;/6 = 0.9, where OD, =O0D(b/L) is an optical
depth OD per b. The smaller the ratio A,/ V. is, the deeper
V; is and, therefore, the second (and even third) bound state
can be seen in Fig. 2(a). The lowest bound state [green in
Fig. 2(b)] has a width smaller than the first excited bound
state (orange), the latter having a single node around the
local minimum of V, at rx b, Fig. 1(b). Both wave
functions are strongly suppressed at short distances due
to the strong repulsion for small .

Three and more photons.—For conventional few-body
problems, it is usually a good approximation to assume that
each pair of bodies interacts via a two-body potential.
However, Rydberg polaritons are an unconventional plat-
form enabling strong many-body interactions, as was
shown for a soft-core potential V, in Refs. [43,44,46].
In this Letter, we can neglect these higher-body interactions
because states of interest are largely supported outside the
repulsive core of the potential, and therefore, the three-body
forces are strongly suppressed for |7V ;.| < 1, Refs. [43—
45]. However, we show that Forster resonances in combi-
nation with Rydberg-EIT lead to another source of many-
body forces.

Even though the SS channel is on resonance with two
channels PP, and P,P,, the majority of the three-body
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physics can be well-described by a single effective channel
PP ~ PP, + P,P, [64] (note that all the numerics are
performed without this approximation). The dipolar inter-
action between states {SSS,SPP,PSP,PPS} takes the
form

Vs Vaos Vais Vi
Vas Vei+4y Wi Wis (©)
Vais Wi Vpo+ Ay W3 ’
Vi Wis W3 Vps+ Ay

where Vp,; = Vpp(r; —ry) + Vsp(ri —r;) + Vep(ri — ri)
with i # j, k and j < k describes all vdW interactions
between involved Rydbergs; Vg is a sum of vdW inter-
actions between all polaritons in § state. V,;; =
V2Cse¥i/r; —rj|* is the effective dipole interaction
between SS and PP. Analogously, W;;(r) = —%C3 /Ir; —
r;|> describes the dipole interaction between SP and PS.
Without off-diagonal W terms, we could eliminate all
components containing P states. However, due to these
exchange terms, this is no longer possible, which is one of
the reasons for the strong N body forces.

Low-energy regime.—The low energy assumption, 7; <
|Vmin| (Where T is the kinetic energy of the ith polariton),
together with the already made assumption that |V ;)| < @,
ensures that the dipolar interactions modify the internal
composition of the dark states only weakly [40]. Therefore,
we can neglect the blockade effects on the effective inter-
action V, and dark-state polaritons. In the slow-light regime
of g > Q, dark states D have a negligible contribution from £
and / and mostly consist of Rydberg states. Hence, the
dipolar Hamiltonian Eq. (6) maps directly onto dark-state
polaritons D and collective excitations P. That is, the full
Hamiltonian describing the evolution of the three polaritons
in the {DDD, DPP, PDP, PPD} basis is a sum of Eq. (6)
with kinetic terms {7 + 7, + T3,T,,T,,T3} on the
diagonals.

Few-body bound states in the large-mass limit.—To give
additional insights into the role of few-body interactions in
the many-body problem, in the following we neglect
kinetic energy all together. This requires V. > 1/mb?
and therefore OD,, > (5/y;). Next, we numerically solve
for the eigenstates of the two-channel version [64] of the
Hamiltonian Eq. (6) as a function of separations r;; in a 2D
geometry. We find that it is preferable to have three
polaritons in a line rather than in an equilateral-triangle
configuration. Moreover, the configuration in which one
photon is away from the dimer has lower energy than the
equilateral-triangle configuration. This is demonstrated in
Figs. 3(a)-3(b) where (a) shows total energies for the
polaritons being at the corners of an isosceles triangle
and (b) shows that regardless of the value of A;/v,, the line
configuration has the lowest energy [67].
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FIG. 3. Self-consistent solution of Eq. (6) describing polaritons
in the large-mass limit. (a) Three-body problem in the isosceles
triangular configuration with edge lengths y, y, x. (b) Lowest
energy as a function of A, for line, regular-polygon, and dimer
configurations for three bodies. Results are for 87Rb with ny,ny, n
as in Fig. 2. Additionally, (a) is for A,/v, = 0.4.

Intuition behind the N-body force.—For the three-body
problem, even approximate analytical expressions for
eigenstates of Eq. (6) are lengthy for arbitrary separations.
Therefore, we use an equilateral-triangle configuration
parametrized by edge length r to obtain more intuition
on the three-body forces. The energy E being the lowest
eigenvalue of Eq. (6) as a function of the separation r, for
E < A, takes the form

G2
2(33) ) )

_ CSS
E=3 (7 - Ad + CPP‘:GZCSP _ W(r)

From comparison of this expression with Eq. (3), we see
that the denominator has two additional terms [68]: (i) the
vdW energy shift 2Cgp/7°, and (ii) the shift due to the off-
diagonal dipolar interactions W(r) < 0 [69]. Both lead to
the suppression of E, resulting in strong three-body
repulsion which prevents configurations with three par-
ticles closely spaced. This gives rise to the novel ground
state geometries presented in Fig. 3.

Multiple-body problem.—From Fig. 4(a), we see that the
few-body forces lead to an effect in which many photons
prefer to be arranged as independent dimers. For Cs [see
Fig. 4(b)] at large enough N (which depends on A;/v,, and
for Ay/v, = 0.4 happens for N >7), a regular polygon
(ring) is the ground state rather than a linear configuration
[see Fig. 1(d)]. Intuitively, the additional two-body attrac-
tive bond for the ring arrangement wins over the additional
repulsive many-body forces present in this configuration.

Experimental realization.—Photons in a multimode
cavity [42] enable us to tune the polariton’s mass so that
mV, is repulsive at short distances, has local minima at
finite distance, and is free of potentially lossy divergences
[13,27,70]. In general, for multimode cavities, the gener-
ation of the mass is intertwined with the presence of the
trapping potential. However, for a near-planar cavity
(defined as R > L, where R is mirror curvature and L
distance between mirrors) we have m,, = (k/c) and the
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-m- ring
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FIG. 4. The lowest energy for on-the-line and on-the-ring
configurations for A;/v. = 0.4 for (a) Rb and (b) Cs. We see
that strong N-body forces lead to different geometry of the
ground state depending on N and the atomic species.

trapping frequency @, = (¢/v/2LR). Therefore, the trap-
ping vanishes with increasing LR.

Note that our scheme also works in a free-space quasi-
1D geometry [22] for a magnetic field perpendicular to the
propagation direction and the transverse mass much greater
than the longitudinal one [70]. Then, by working in the
regime Q > |A|, we can achieve a divergence-free potential
that is repulsive at short distances [13,27].

To prepare the ground state on small systems we envision
a spectroscopic post-selection approach whereby a weak
product coherent state wave function is input with the mode
frequencies chosen to add up to the energy of the target
ground state. The mode functions of the photons can be
further chosen to maximize the ground-state overlap. State
preparation is then possible through postselection on the
total photon number. The weak input condition ensures that
the target manifold is not spoiled by dissipation from
higher-photon number manifolds. For larger systems, more
efficient preparation schemes become necessary that are
still insensitive to dissipation. We imagine using dissipative
Rydberg blockade [21,22] to prepare a product state of
many single photons as the starting state for adiabatic
transfer to the ground state. This method is robust to
dissipation for ground state gaps larger than the dissipation
rate. Once the state is prepared, the measured multibody 2D
correlation functions can be postprocessed [71] to prevent
the rotational symmetry and shot-to-shot variations in
measurement outcomes from smearing out spatial patterns.
We leave a more complete and detailed analysis of
preparation and detection for future work.

Outlook.—In this work, we concentrated on the strongly
interacting regime in one and two dimensions. Another
direction is a study of the 3D interacting regime of photons
copropagating in free space in the presence of the molecu-
lar potential in the transverse directions [70,72]. Note that
our analysis suggests that the strong few-body forces can
also be observed in experiments with ultracold Rydberg
atoms alone [73,74] rather than Rydberg polaritons. This
can be done in a 2D pancake geometry with or without an
additional optical lattice potential. It is an especially

promising direction in the light of recent work on the
observation of Rydberg macrodimers [65] with P states
close to Forster resonances.
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